The optimal quantum cloning transformations for equatorial qubits are studied, and the quantum cloning networks for equatorial qubits consisting of quantum gates are presented. The copied equatorial qubits are shown to be separable by using Peres-Horodecki criterion. The optimal 1 to M phase-covariant quantum cloning transformations are explicitly given.
Introduction
Quantum computing and quantum information have received a lot of public attention recently. They differ in many aspects from the classical theories. Wooters and Zurek [1] presented the no-cloning theorem which tells us that arbitrary quantum information can not be copied perfectly. They proposed a quantum cloning transformation which has the property that the quality of the copy it makes depends on the input state. Bužek and Hillery [2] introduced a universal quantum copy machine (UQCM) for arbitrary input states. It produces two identical copies whose quality is independent of the input state. It was proved that the Bužek and Hillery UQCM is optimal [3, 4, 5, 6] . The general N to M optimal quantum cloning transformation was proposed by Gisin and Massar [5] . And the no-cloning theorem was also extended to other cases [7] .
For a restricted set of input states, equatorial qubits, we can propose a different quantum cloning transformation with higher fidelity than the UQCM [8, 9] . It is expected that the more information about the input is given, the better one can clone each of its states. The so-called equatorial qubits means that one component of their Bloch vector is zero [8] . The cloning transformation for equatorial qubits is also called phase-covariant cloning. We introduce a family of cloning transformations for equatorial qubits for all three cases with their Bloch vectors being restricted to x − y, x − z and y − z planes respectively. These cloning transformations can achieve the bound of the fidelity for equatorial qubits.
Bužek et al proposed a network consisting of quantum gates, single-qubit rotation gate and controlled NOT gate, to realize the quantum copying of UQCM [10] . Following their method, we present in this paper the optimal cloning networks for equtorial qubits. Using the criterion of positive partial transposition proposed by Peres and Horodecki, we show that instead of inseparable in the case of UQCM, the copied equatorial qubits are separable in the case of optimal cloning transformation. We also study the 1 to M phase-covariant quantum cloning, and give the optimal 1 → M quantum cloning transformation for equatorial qubits.
The paper is orgnized as follows: In section 2, we introduce the cloning transformations for equatorial qubits. In section 3, we present the cloning networks consisting of quantum gates for equatorial qubits. In section 4, we study the optimal phase-covariant quantum triplicators. The optimal 1 to M phase-covariant quantum cloning transformation is given. In section 5, using the criterion of Peres and Horodecki, we show that the output density operator is separable which is different from the case of UQCM. A brief summary is in section 6.
Quantum cloning for equatorial qubits
Instead of arbitrary input state, we consider about a restricted set of input states, the equatorial qubits, which means that one component of their Bloch vectors is zero. The x − y, x − z and y − z plane equators take the following forms, respectively,
where φ, θ ∈ [0, 2π) and {|0 >, |1 >} represent a basis for a qubit. One can check that the z, y and x components of their Bloch vectors of these pure input states are zero. We demand the cloning transformation satisfies conditions; (I)the density matrices of the two output states are the same, and (II) the fidelity of the output density operators is input state independent. Under these two conditions, we can find the condition of orientation invariance of the Bloch vector is also satisfied. Here, we only present the results for x − y and x − z plane equators, since the case of y − z equator is almost the same as the case of x − z equator. We can have a family of 1 to 2 cloning transformations. For the case of x − y equator, the cloning transformation takes the form [9] ,
For x − z equator, the cloning transformation can be written as
where q and y stand for
The copies appear in the a 1 and the a 2 qubit. The fidelity corresponding to this cloning transformation is calculated as
where we define the fidelity as
Corrpesponding to the fidelity (7), the reduced density operator of both copies at the output are equal and can be written as
where |Ψ > is the input state for equatorial qubits (1,2,3), and if we denote |Ψ >= α|0 > +β|1 >, we define |Ψ ⊥ >≡ β * |0 > −α * |1 >. We see that the copy contains F (ρ (in) , ρ (out) ) of the state we want and
) of that one we do not. The output density operator can be rewritten as
where
We note that the output states of copies appear in a 1 , a 2 qubits. When λ = 0, we obtain the cloning transformations of UQCM with fidelity
we achieve the bound of the fidelity
and obtain the optimal quantum cloning transformations for equatorial qubits. Explicitly, we write here the optimal quantum cloning transformations for x − y equator (1) and x − z equator (2). For the input state (1), we have
The optimal quantum cloning transformation for input state (2) takes the form,
3 Quantum cloning netwroks for equatorial qubits
In this section, following the method proposed by Bužek et al [10] , we show that the quantum cloning transformations for equatorial qubits can be realized by networks consisting of quantum logic gates. Let us first introduce the method proposed by Bužek et al [10] , we then obtain the result for the case of phase-covariant cloning. The network is constructed by one-and two-qubit gates. The one-qubit gate is a single qubit rotation operatorR j (ϑ), defined aŝ
The two-qubit gate is the controlled NOT gate represented by the unitary matrix
Explicitly, the controlled NOT gateP kl acts on the basis vectors of the two qubits as follows:
Due to Bužek et al, the action of the copier is expressed as a sequence of two unitary transformations,
This network can be described by a figure in Ref. [10] . The preparation state is constructed as
The quantum copying is performed by
Note that the output copies appear in the a 2 , a 3 qubits instead of a 1 , a 2 qubits. For UQCM, we should choose [10] 
We now consider the cloning transformations for equatorial qubits. The network proposed by Bužek et al is rather general. We only need to take a different angles ϑ j , j = 1, 2, 3 to realize the phase-covariant cloning. In the case of cloning transformation for x − y equator (4), the preparation state takes the form
The preparation state corresponding to cloning transformation (5) for x − z equator can be written as
We can check that for some angles ϑ j , j = 1, 2, 3, the above preparation states can be realized, Actually we have several choices. When λ = 0, we obtain the result for UQCM. Here we present the result for the optimal case, i.e., λ = 3 − 2 √ 2. For x − y equator, let
Then, the preparation state takes the form
For x − z equator, let
We have the preparation state as
After the preparation stage, perform the copying procedure (19), we obtain the output state. And the output copies appear in the a 2 and a 3 qubits. The optimal quantum cloning transformations for equatorial qubits can achieve the highest fidelity . The reduced density operator of both copies at the output in a 2 and a 3 qubits can be expresse as
4 Optimal phase-covariant quantum triplicator and optimal 1 to M phase-covariant quantum cloning
The networks for equatorial qubits can realize the quantum copying. The copies at the output appear in a 2 and a 3 qubits. And the output density operator is written as
Here, we are also interested in the output state in a 1 qubit. According to the cloning transformations or cloning networks for equatorial qubits, we can find the reduced density operator of the output state in a 1 qubit can be written as
where the superscript T means transposition. For x − z equator, the output density operator is invariant under the action of transposition. Comparing the output density operators in a 2 and a 3 qubits (28) and a 1 qubit (29), we find that in case λ = 1/3, we have a triplicator,
with fidelity 5 6 [10] . Explicitly, the triplicator cloning transformation for x − z equator takes the form,
For x − y equator, by applying a transformation |0 >↔ |1 > in a 1 qubit, and still let λ = 1/3, we find the output density operator in a 1 (29) equal to that of a 2 and a 3 (28). And the triplicator cloning for x − y equator takes the form,
For completeness, we also give the quantum triplicator transformation for y − z equator which is similar to that of x − z equator,
The fidelity for quantum triplicator is 5 6 which is equal to the optimal fidelity of UQCM. Actually, we can find the fidelity (7) takes the same value 5 6 when λ = 0 and λ = 1/3 correpsonding to UQCM and quantum tripliator, respectively.
We have already studied the 1 → 2 optimal quantum cloning and 1 → 3 quantum cloning, the quantum triplicator for equatorial qubits. In what follows, we shall show that the fidelity 5 6 for phase-covariant quantum triplicators is optimal. We discuss a more general 1 → M phase-covariant quantum cloning. For x − y equator, we suppose the cloning transformations take the following form;
where we use the same notations as those of Ref. [5] , R denotes the initial state of the copy machine and M − 1 blank copies, R j are orthogonal normalized states of ancilla, and |(M − j)ψ, j)ψ ⊥ > denotes the symmetric and normalized state with M − j qubits in state ψ and j qubits in state ψ ⊥ . For arbitrary input state, the case α j =
2(M−j)
M(M+1) is the optimal 1 → M quantum cloning [5] . Here we consider the case of x − y equator instead of arbitrary input state. The quantum cloning transformations should satisfy the property of orientation invariance of the Bloch vector and that we have identical copies. The cloning transformation (34) already ensure that we have M identical copies. The unitarity of the cloning transformation demands the relation
Under this condition, we can check that the cloning transformation has the property of orientation invariance of the Bloch vector. Thus, the relation (34) is the quantum cloning transformation for x − y equator. The fidelity of the cloning transformation (34), takes the form
The highest fidelity means the largest value of η(1, M ). Here we examine the cases of M = 2, 3. For M = 2, we have α 
For α 0 = α 2 = 0, α 1 = 1, we have η(1, 3) = 2 3 , which reproduces the case of quantum triplicator for x − y equator (32). Actually, because that η(1, 3) = 2 3 has already achieved the upper bound, the corresponding fidelity 5 6 is the optimal fidelity for 1 → 3 cloning. We thus conclude that the quantum triplicators for x − z equator (31), x − y equator (32) and y − z equator (33) are the optimal 1 → 3 phase-covariant quantum cloning transformations. The result that the optimal fidelity for 1 → 3 phase-covariant quantum cloning is for M is even, and
for M is odd. The explicit cloning transformations have already be presented in (34).
5 Separability of copied qubits for optimal phase-covariant quantum cloning
For the UQCM, the reduced density matrix for the two copies ρ
a2a3 is known to be inseparable by using Peres-Horodecki criterion [12, 13] . That means it cannot be written as the convex sum,
where the positive weights w (m) satisfy m w (m) = 1. And there are correlations between the copies, i.e., the two qubits at the output of the quantum copier are nonclassically entangled [10] . We shall show in this section that, different from the UQCM, the copied qubits is separable for the case of optimal phase-covariant quantum cloning by Peres-Horodecki criterion. Peres-Horodecki's positive partial transposition criterion states that the positivity of the partial transposition of a state is both necessary and sufficient condition for its separability [12, 13] . For x − z equator where the input state is α|0 > +β|1 >, with α = cos θ, β = sin θ, the partially transposed output density operator at a 2 , a 3 qubits is expressed by a matrix,
Here the cloning transformation corresponds to (5) . Note that the output of copies appear in a 2 , a 3 qubits. We have the following four eigenvalues;
For optimal phase-covariant quantum cloning, λ = 3 − 2 √ 2, the four eigenvalues become as
We see that none of the four eigenvalues are negative. This is different from the UQCM, where one negative eigenvalue exists for λ = 0. According to Peres-Horodecki criterion, the copied qubits in phasecovariant quantum cloning are separable. Analyzing the four eigenvalues (40), we find that the optimal point λ = 3 − 2 √ 2 is the only separable point for the copied qubits. If we analyze the x − y or y − z equator, we can obtain the same result.
Summary
In this paper, we have shown that the quantum cloning transformations for equatorial qubits can be realized by networks consisting of single qubit rotation gates and two-qubit controlled NOT gates. The optimal 1 → M phase-covariant quantum cloning transformations are given, in particular, the 1 → 3 phase-covariant quantum cloning transformations are given for all three cases. We also have shown that the copied qubits in case of optimal phase-covariant quantum cloning are separable by Peres-Horodecki criterion.
In this paper, we give explicitly the 1 → M cloning transformations for x − y equator, and the optimal transformations and optimal fidelities are found. The general N → M phase-covariant quantum cloning should have a similar form, and the optimal N → M phase-covariant quantum cloning transformations remains to be found.
